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IN Pt. I of this study,! the nonequilibrium nozzle flow of an
ideal dissociating gas has been discussed in general. It
is pointed out that the problems fall into two main regimes
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A

numerical example is presented to compare
Good agreement

depending on the degree of interaction between chemistry
and thermodynamics. In the strongly coupled, reaction-
dominated regime the flow from an initial equilibrium to a
frozen or recombination-controlled state encompasses four
regions: 1) equilibrium, 2) incipient-transition, 3) rapid-
transition, and 4) recombination. A reference point, similar
to Bray’s freezing point,?is chosen to coincide with the singular
point of the incipient-transition solution. A hypersonic,
slightly dissociated case in this regime has been analyzed.
Its simple, explicit solution was used to assess the domain of
validity and the errors of the equilibrium-recombination and
the sudden-freezing models.

In this paper, the slight-dissociation restriction on the
analysis of Pt. I will be removed. The entire range of ax
(or K){ in the reaction-dominated regime can be inclusively

1 Notations used in this paper are the same as those in Ref. 1,
unless otherwise defined
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studied by considering the two extreme cases: K = 0(1)
or ax = 0(e) and K = 0(1/¢) or ax = 0(1). All intermediate
cases can be obtained by either letting K in the first case
become large or letting oy in the second case become small.
In carrying out this study, the hypersonic restriction on the
analysis of Pt. I will also be relaxed by allowing Mx?% to
be smaller than 0(1/¢), although still large enough [larger
than O(lne)] that the equilibrium-throat assumption holds.
The results will show agreement with that of Pt. I when they
are specialized to the hypersonie¢, slightly dissociated case.
More importantly, the results will show that the assessment
of the equilibrium-recombination and the sudden-freezing
models in Pt. I holds in general for the reaction-dominated
regime.

To further enhance confidence in our analysis, a numerical
example will be presented. It deals with a hyperboloidal
nozzle with e = 0.0535, ax = 0.320, and M2 = 27.3. The
results given by the asymptotic solution of Pt. I are com-
pared with those given by Emanuel’s numerical solution to
the full equations® [Eqs. (2.1-2.6) of Ref. 1]. The agree-
ment is unexpectedly good considering that ax is not very
small in this case.

2. The Case of K = 0(1)

This case is different from the case analyzed in Pt. I only
in the relaxation of the hypersonic restriction. Equations
(2.10b,c,d) and (2.12) of Pt. I are the governing equations.
Matched asymptotic expansions for small € with K and My*?
fixed will be developed for each of the four regions, in a manner
similar to that of Pt. 1.

2.1 Equilibrium Region

In the region upstream of the reference point where 6 < 1;
the convective term in the rate equation can be neglected,
with an exponentially small error in e. However, unlike
the case in Pt. I, the real error involved here is of the type
1/exp|0(M«2)|, which is invoked by the equilibrium-throat
assumption and is more severe than the error of 1/exp|0(1/¢)|.
These two types of error become of the same order only in
the hypersonic case, Mx? = 0(1/¢). Now the resulting
equilibrium-flow solution is assumed to be known, and only
its behavior near § = 1 is needed for matching with the
incipient-transition solution. This behavior can be shown
to be :

a = ay + ea; + 0(e?)
0 =1+ e + 0(e) @.1)
P = po+ eps + 0(e?)
where
a =1+ (Inp)/K
po?[1 = (2 Inpo)/My?] = 1/0*
81 = ~Infp{1 + (Inpo)/K}?] 22)
Koy — (M+*/p*a®) (p1/po) = 401 — K(aw — 1)
Kar — (pi/m) = 36, + K Inpn + (np)* +
9K (a0 Inaty — ao + 1)

2.2 Incipient-Transition Region

This region is characterized by the proximity of 8 to unity.
The asymptotic expansions here should match with the
equilibrium-flow solution, and hence have the same form as
those in Eq. (2.1). Substituting the asymptotic expansions
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into the governing equations yields the following result:
o =14 (Inpo)/K
po*[1 — (2 Inpe)/M+2] = 1/0*

6 = —h’l[po{l =+ (hlpo)/,[{}2 -
QMy2g/piat (M2 — 1 — 2 Inpy)] (2.3)

Koy — (M+%/po*a?) (p1/po) = 461 — K(ow — 1)

2 0
Ka1—£1=301+Klnpo+M—fp Odpr | pp,
Po 2 1 o

It is clear that the integration constant of ao has been deter-
mined to be unity by comparing with the ay expression in
Eq. (2.2). ;

Unlike the case in Pt. I, this result cannot be formulated
explicitly in terms of o, but is expressed instead in terms of
the variable po. It is noted that there are two particular
values of po of special physical interest, corresponding to the
reservoir and the throat conditions, respectively. The
second of Eqgs. (2.3) shows that the reservoir (& = 1/poc =
0) corresponds to pp = exp(My2/2) while the throat do = 0
oceurs at py = exp[(My? — 1)/2] or ¢ = Myexp[— (M2 —
1)/2]. Since the throat appears as a singularity, its neigh-
borhood must be treated by a separate set of asymptotic
expansions. This may be avoided by carrying out the match-
ing with the equilibrium solution sufficiently downstream of
the critical point, although the incipient-transition region
may well extend into the subcritical part of the nozzle. [The
region terminates upstream at py = exp|0(1/€)|]. Thus,
the present matching procedure and its consequent error are
different from those in Pt. 1.

Comparing Egs. (2.2) and (2.3), we see that the differences
between them are the Q-terms and the undetermined integra-
tion constant By in Eq. (2.3). From the Bernoulli equation,
it can be shown that the local Mach number M2=u?/R.Tsx =
M2 — 2 Inps + 0(e) or pp = exp|0(My2 — M?)| in the in-
cipient-transition region. Let the matching be carried out
downstream of the critical point where M2 = 0(1). Making
use of assumption 3 in Sec. 2 of Pt. I, the matching is ac-
complished by taking

B—-lf“’l - QMg ]d_p
° T K J1 t 0{02p050’4(lw*2 —-1—-2 lnpo) Po
(2.3a)

with an error equal to 1/exp|0(M.2%)|. Furthermore, it
can be inferred from the self-consistency that the error in-
volved in the -equilibrium-throat assumption is of the same
order.

At the downstream end of the incipient-transition region,
another singularity emerges where '

poll + (Inpo)/K]2 — QMutg/potot(Ms? — 1 —
21lnp) =0 (2.4)

To insure that this point coincides with the transition
point o = 1, @ is chosen to be @ = 1 — 1/M42, which is
different but consistent with that given in Pt. I. Further-
more, an examination shows that, in the range of lower My,
corresponding to this @, P = 1 + (¢). Now, as in Pt. I,
it can be shown that the region of nonuniformity is |¢ —
1| = 0(e?) and the appropriate independent variable to be
used there should be

n = (o — D/en @25)

To provide the matéhing conditions, the asymptotic be-
havior of the incipient-transition solution near ¢ = 1 is ex-
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pressed in terms of 5 as follows:

M2y

= — el TTF U
Po 1 € (ILI*Q — 1) +
My22Ms* — 3BMy> 4+ 3) N
2(My2 — 1)3 ] N
= — el ——ﬂf*zn—
[84] 1 € K(M*E — 1) ‘l"
Ma2(Ma* — 2Ma2+3) , |
T
2K (M? — 1)°
L= —Inf3Be| 4 . .. (2.6)
1 _
= T . o~ 1/2
o= (pe— 1y Ii3Besn| + KBol + ...
1 —
A= Eane = (478D In|3Beti#y| +
My*KBo] + ...
where
Rl S (U S S W
l3=_{(M*z_1) (O+K M*Q_l)-f-g* 4}>()

The remainders in Eqs. (2.6) are proportional to €¥2 for po
and oo, and to €V for 6), p; and . According to assumption
6 in Sec. 2 of Pt. I, B is positive.
2.3 Rapid-Transition Region

In view of Eq. (2.6), the asymptotic expansions for this
region are assumed to be

= 1 —i‘ 61/26(1 + € 1116&21 + 6&22 + 0(63/2)
ﬁ =1 + 6”2[—)1 + € lneﬁzl + €[._)22 —,— 0(63/2) (27)
6 = 1+ eln(@/eV?) + 0(e'?)

where the barred quantities are functions of 7. Substituting
these into the governing equations yields the following result:

— .’1[* 2‘/)
Ol = 1)

pn = 1/2(My? — 1)

™

o= Ka = 6, = %6“3"2/21'2 e~ B/

@ = (4 — 3M,2/2K(My? — 1)
(2.8)

_ 1
SN GV PO} {KB‘”L

My22Mst — 3My2 + 3)
2(M52 — 1)2

2

hl% aBnt/2 fi e—oB7/2; }
& 2
My2(Myt — 2My* 4+ 3) . '
ST — 1) 7% + (BMx 4) X
lni—g— ¢obn*/2 fﬂ e~ B2, }
where

6= 3M42/(3M4* — 4)

and the integration constants have been determined by
matching with Eq. (2.6).

The expansions in Eq. (2.7) cease to be valid sufficiently
downstream of the transition point where 6 becomes con-
siderably larger than unity and the recombination effect
becomes dominant. In the recombination region ¢ will be
used again in place of n. The asymptotic behavior of the
rapid-transition solution near the recombination region can
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be obtained by letting » approach positive infinity and ex-
pressing the results in terms of (¢ — 1):
_ Mo — 1) I:M*Z(M*‘1 — 2M4?% 4 3)
K(My? — 1) 2K (Ms2 — 1)3

BMy? — 4)af L BMu— 9
oK (Ma? — 1)}07 — Dt eopanE — 1)

In (2 ") 4 eMu2Bo/(My2 — 1) + . ..

98
2.9)
s_q Mo =1 [M*2<2M*4 —3M?+3)
(My2 — 1) 2(M 2 — 1)8
a € 2ma
2<M*2B— 1)]“’ T TPy 1“(95 ) +
KBy My — 1) + . ..

where the remainders are all proportional to €2, Equations
(2.9) will serve to determine the integration constants in the
next region.

2.4 Recombination Region

With the guidance of Eq. (2.9), asymptotic expansions
in terms of € can be assumed for this region just as for the
transitional regions. However, such expansions do not yield
explicit results in general and lead to nonuniformities far
downstream in certain cases, as discussed in Pt. I. The solu-
tion for this region will simply be the governing equations
put in the integral-equation form without the dissociation-
rate term, which is exponentially small when 8 > 1. They

are
1 _ | _eMysBy e BM2—4) <2La n
& (My>— 1) K2(My* — 1) \ 95
M2 Ospiodo 3/
KMy — 1) f + 00
1 KB BMe -4
G50 Fe=)/3 T 1 T 3(Myr — 1) 6(My2 — 1)

2ra M2 O:pialado
1n<956) taare = i gprraan T 210

K (& — a)dp .
3 Jigprateas T0E)

(M2/2)(1/p*0* — 1) = K(1 — &) + 4(1— 1/0)
+ K1 — a/6)

where the integration constants are determined by matching
with Eq. (2.9).

It is easily shown that Egs. (2.1-2.10) reduce to their
counterparts in Pt. I when 17,2 is taken to be 0(1/¢). The
present results verify that the equilibrium-recombination
model is a uniformly valid approximation for all flow vari-
ables with an error of 0(e In¢), just as concluded in Pt. I, ex-
cept that the transition point should be determined by @ =
1 — 1/M4? in the lower M, cases. Moreover, it is again
established that K(1 — &) = 0(1) if the flow freezes far
downstream (the conditions for freezing have been derived
in Pt. T without restrictions on s and 3«). The assess-
ment on the sudden-freezing model, as made in Pt. I, remains
unchanged for the present case.

3. The Case of ax = 0(1)

In this case, the dissociation fraction near the transition
point is no longer small and K is of the order (1/¢). The
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governing equations will be Eqs. (2.10b,e,d) and (2.12) of
Pt. T with K replaced by ax/e. Matched asymptotic ex-
pansions for small € with ax and M4 fixed can be developed
for each of the four regions in the same manner as in the
previous section.

3.1 Equilibrium Region

The asymptotic behavior of the equilibrium solution near
6 = 1 can be shown to be

& =144 ear + e + 0(e?)
3.1)
=14 b + 0(e?)

p = po -+ epr + 0(e?)
where
a1 = (1 + ax) (Inpo)/ax
po2ll — (1 + ax)(2 Inpo)/Mx?] = 1/0?
6, = —Inp (3.2)
asae — (Mx2/po%0®) (p1/p0) = 46 + ax(bi — @)
axos — (1 4 ax)(p1/po0) = 36 + (1 + ax)(Inpo)?

Note that the expansion for & is now different from its counter-
part in the case of K = 0(1).

3.2 Incipient-Transition Region

The asymptotic expansions for this region are assumed to
be of the same form as Eq. (3.1), and the results are as follows:

o = (1 4 ax)(Inpo)/ox
pof[l — (1 + @) (2 Inpy)/My?] = 1/0?
0, = —Infpo — (1 + ax)QMa2g/po*a{ Ms? —
14+ )@ + 2np)}] (3.3)
asars — (M« p*c?){(p1/po) = 401 + = (6 ~ ai)

2
agoe — (1 + ax) (&> = 30, + ‘————(1 + ax)(ngw) —
Po 2
o B14,
(1 + a*) LP IP:JO -+ C!*Bo
and
_ (1 + Oé*) R
By = — T .fl ln[l —
(L + a)QM?g ] dpo
oo MyE — (L )L+ 2] | o0 O3

Now the downstream singularity of this region is located at

po — (14 a)QMs%/poo*{Ms? — (1 + ax) X
(14 2Inp)} =0 (34)

and is coincident with the transition point ¢ = 1if @ is chosen
to be ‘

Q = [My? — (1 + as) /M1 + o)

which, in this range of M, and s, gives again P = 1 4
0(¢). Also, since this @ contains the previously determined

“values as special cases, it is the most general form to be used
in the reaction-dominated regime. As before, the inde-
pendent variable to be used in the rapid-transition region is
7 = (¢ — 1)/€Y2.  The asymptotic behavior of the incipient-
transition solution when expressed in terms of 7 is

M2y
[Mx? — (1 4 ax)]
M*2[2M*4 - 3M*2(1 + a*) + 3(1 + a*)z]'rﬁ

€ 2[Ms? — (1 + an)® e

po=1 — el
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LM*Z(]. + a*)?’]
CY*[M*2 - (1 + O!*)]
p J[*Z(l -+ (X*)[M*4 - 2M*2(1 + (1*) + 3(1 -+ a*)2]n2
20 [M*2 - (1 + Ol*)]3 +

oy = —el/2

6 = —In|3Bevy| + . .. (3.5)

1
=T = A F an)]

[(1 + o) In|38e?n] + axBo] + . . .

_ { (1 + ax)? _ 3
o= ax (M2 — (1 + ax)]  as

= Ms2B,
/
In|38¢Y2y| + L= (1 + o) + ...
where
E _ _1_ [ 5M «2 _
T3 \IMer— (1 4 ax)]
2M*2(1 + a*) ’
Tt — A Fagk T ™ "4} >0

The remainders in Eq. (3.5) are again proportional to €/ for
po and a;, and to €2 for 6y, p;, and as,.

3.3 Rapid-Transition Region

In view of Eq. (3.5), the asymptotic expansions for this
region are assumed to be

a = 14 2@ 4+ € lneds + 2a, + 0(e¥?)
ﬁ =1 + 61/251 + € 11]6[_)21 + E,_)‘ZQ + 0(63/2> (36)
0 = 1+ eln(@/ev?) - 0(e?)

Note again that the expansion for & is different from its
counterpart in the case of K = 0(1). Substituting Eq.
(8.6) into the governing equations yields

B = =Mt/ My — (1 + ay)]
o = —Me¥ 1 4 aw)n/os [Me? — (1 4+ ox)]

R R p
pn = (1 + ax)/2[M* — (1 + as)]
dn = (14 )2 [Mi? — (1 + ax)] — 3/2ax (3.7
_ My2[2M st — 3Mx2(1 + ax) + 31 + ax)?in?
T 2[Ma? — (1 + aw)’ *
ax By _ (1 + ax)
[Ms? — 1+ as)l [Mue2 — (1 4+ ax)]

% afn®/2 f” e—B/2 4

X

In

-

ﬂ[*2(1 + (X*) [M*4 - 2M*2(1 + C(*) +3(1 + a*)z]nz

-+

= 20s [Ma? — (1 + an)]?
M+*Bo :3 _ A+ ax)® }
[iw*z - (1 + (X*)] (o2 Ol [M*Z - (1 + a*)]

In

% eﬁ§n2/2 fn e-—ﬁEf?/Z d,’.

where
dESM*z(l + a*)/[3M*2 —_ 3(1 + ag) bt (1 + a*)2]

and the integration constants have been determined by
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matching with Eq. (3.5).
M2 1+ ad)(e — 1)
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The asymptotic behavior of this solution near the recombination region (n — «) is

MU+ o0) [Ma* ~ 2530 + @) + 30+ a)tl(o ~ 1* | ]

a=1-c a*[ﬂf*‘~’~ (l—l—a*)] + ¢ 26(* [M*2 - (1 + 01=|<)]3
e |3 1 + ax)? = s M«2By e (3
3 {a_* T L= a*n} Bl = Dt e G U el T 2 {a*
1+ o4)? 2ma
anMa? — (1 + a*)1} 1“(95) te
51— Myt(ec — 1) Ma22Myt — 3M2(1 + ax) + 3(1 + ax)?](c — 1)2 a4+ a*)dé(a — 1)z 38
p [(Me2 — (1 + ag)] 2[My2 — (1 + aw)]? My? — (1 + ax)]
. ax By _ (1 4 ax) ln(gﬁi) +
[Mx2— (1 + ox)] [Ms? — (1 + )] \9Be o
g oy Bl —1 51(2;@>
= Ty ()t |

where the remainders are proportional to €2 for &, and to
e¥2for gand 4.

3.4 Recombination Region

The solution for this region, corresponding to Eq. (2.10), is

1, 2M 4 2B, e «
a Me? — (1 4+ o)) 204
(1 4+ ax)? } (27rd)
3 - Inf —=
{ (Me® — (1 4 ax)] 8 98e *
eM ¥ (1 + ax) Ospiodo 512
it (e i g e
(3.9)
i - easx By _
gpl+eaa)/3 = 3[Ma? — (1 + )]
M1 + ox)

€ [3J[><2 - 4(1 + a*)] ln<27l'—d> +

pptatods | ax [ (& — Gu)dp
ﬁ gﬁ(1+am)/3 + E j'l 6ﬁ1+(1+am)/3 + 0(63/2)
M42/2)(1/p%* — 1) = (ax/e)(1 — @) +

401 = 1/0) + ax(1 — &/0)

The results of this section cannot be reduced to those in
Sec. 2 by taking ayx = €K, nor can the results of Sec. 2 be re-
duced to those here by taking K = as/€; therefore, these
two cases need to be treated separately. However, it can
be shown that they do reduce to a common form when K is
taken to be large in the results of Sec. 2 and ax is taken to be
small in the results here, provided that ax = €K is observed.
All the intermediate cases between the two, and thus all the
range of K or ax in the reaction-dominated regime, are thus
covered. For this case, the equilibrium-recombination model
has an error of 0(e Ine) for all the flow variables 8, 5, and #,
but has a smaller error of 0(€? Ine) in estimating the composi-
tion @ Since this case corresponds to K = 0(1/e), in con-
sistency with the previous conclusion, the sudden-freezing
model predicts the composition correctly with an error of
0(e), provided that the composition freezes far downstream.
Because the dissociation level is higher in the transitional
regions in this case, it can be expected that the contribution
from the heat of recombination is larger. This is confirmed
by the fact that in the energy integral equation of Eq. (3.9),
the second integral is of 0(1), instead of 0(e) as in the case of
K = 0(1). Thus, the sudden-freezing model gives a poorer
estimate of the temperature in the present case.

4. Comparison with Exact Numerical Solution

It is instructive to compare the solution by asymptotic
expansions with the corresponding numerical solution of the
exact governing equations, namely Egs. (2.1-2.6) of Pt. I.
A numerical example will also bring out actual magnitudes
and features in the solution not easily discernible from the
general results. For the sake of simplicity, a high-M, and
lower-ax case is chosen so the results in Pt. I, which are ex-
plicit in o, can be used. The example chosen is a hyper-
boloidal nozzle described by

A = Ape + Ky%? “.1)

which satisfies all the assumptions 1 through 8 of Pt. I for
z > 0. The chosen equilibrium reservoir conditions are &7/
D = 0.10 and as = 0.80, and the chosen rate parameter in
Bray’s form ¢ = Cpp(kAw./DR)Y2/2Ky is 3 X 1018, Fol-
lowing Bray,* we take s = 0, which leads to explicit results
in the recombination region. The numerical solution for
this example was furnished by G. Emanuel using a procedure
developed in the work of Emanuel and Vinecenti.?

From the equilibrium solution pertaining to the reservoir
conditions and the rate parameter, we have determined the
reference point from Eq. (2.8) of Pt. I by setting @ = 1.
Associated with the reference point are the reference values
ax, Tx, ug, px, and Ay, from which we obtain the following
values for the nondimensional parameters: e = kTs/D =
0.0535, ax = 0.320, K = ax/e = 5.98, My2 = u ¥/ RyTy =
27.3 (I' = 1.37) and the corresponding value of P is 1.10.
The value of K indicates that this case belongs to the reac-
tion-dominated regime. The value of M4? is high enough
to justifiably use the results of P{. I. Whereas os in this
case does not appear to be very small, the remainders in the
results of Pt. I, as we may recall, are of 0[¢V2(e 4+ ax +
1/Mx? + (ax + 1/Ms?)?] which is higher than 0(ax).
In fact, the errors found in the comparison are actually
smaller than the order of remainders indicates, for all flow
regions and all flow variables. The hyperboloidal nozzle
corresponds tom = 1. With s = 0, the asymptotic behavior
of the solution far downstream belongs to type A, as discussed
in Sec. 3.5 of Pt. I, for which the chemistry is known to
freeze.

The comparison is presented in Fig. 1 for the dissociation
fraction & vs o, in Fig. 2 for the inverse of temperature € vs
o and in Fig. 3 for the velocity % vs ¢. The range of ¢ con-
sidered extends from % to 10 and beyond and presumably
covers the main parts of regions (ii-iv). With ¢ = 0.0535,
the rapid-transition region is expected to have a spread of
order €2 = 0.232 around ¢ = 1. In these figures, the
analytical solutions for regions (ii-iv) are represented by thin
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Fig.1 Comparison of the solution of dissociation fraction

a by asymptotic expansions in regime II, the solution by a

sudden-freezing analysis, and the exact numerical solu-
tion for a hyperboloidal nozzle.

lines marked with their respective regions of validity and the
exact numerical solution by heavy lines. Also included for
reference are the results based on the sudden-freezing model
which are represented by dashed lines. The analytic solu-
tions are seen to be in good agreement with the exact nu-
merical solution and to match with one another; the dis-
crepancy between these curves amounts to less than 3%
(which is considerably smaller than ox2, or 109, for the
present case). Indeed throughout much of the recombina-
tion region in Figs. 1 and 2 and throughout all the regions
in Fig. 3, these curves are virtually coincident.

Some features of the solution curves may be noted. In
Fig. 1, the & vs o curve appears rather straight with a nega-
tive slope in the semilog scale (as indeed predicted by both

| A /
3+ %x 4
PARAMETERS: /

€ =kT,/D= 0.0535
K =Da,/kT, = 5.98 Y
M:=ul/R,T, = 27.3 /

OTHER CONDITIONS SAME /
AS FIGURE |

SOWTION BY ASYMPTOTIC
EXPANSIONS (PRESENT)

~— — —— SUDDEN-FREEZING SOLUTION

EXACT NUMERICAL SOLUTION
. (EMANUEL)

0
10 1 10
o A/A,

Fig.2 Comparison of the solution of the inverse tempera~-

tureratio § = T /T by asymptotic expansions in regime I1,

the solution by the sudden-freezing analysis, and the exact
numerical solution for an hyperboloidal nozzle.
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the equilibrium and the incipient-transition solutions); it
curves through the rapid-transition region and flattens out
finally in the recombination region. The equilibrium curve
begins to depart slightly from the exact solution curve up-
stream of ¢ = 1; downstream it is not shown, but its de-
parture from the exact solution curve becomes greater and
greater. The asymptotic limit of o/ for x — o« is reached
well upstream of ¢ = 10, with the value of « frozen at about
95% of ax. Itisevident from Fig. 1 that the sudden-freezing
model is adequate in this case. Although according to our
theory the sudden-freezing model predicts a freezing & with
an error of @ — 1 = 0(1/K), the comparison shows that the
error is numerically much smaller than 1/K. In the prob-
lems analyzed numerically by Bray? and by Hall and Russo,*
their values of K are comparable to the present value, and
the reason for the adequacy of their sudden-freezing analyses
in predicting « is therefore understandable.

The inverse temperature ratio 8 shown in Fig. 2 begins on
the left near unity with a small slope like € Ing, as indicated
by the equilibrium and the incipient-transition solutions.
After passing over ¢ = 1, it increases rapidly and departs
significantly from (the unshown part of) the equilibrium
solution. Thus, the transition from region (i) to (iv) ap-
pears more rapidly in the temperature than in the dissocia-
tion fraction. Of particular significance is the difference be-
tween the curves representing the sudden-freezing analysis
and the exact solution in the recombination region, confirming
our conclusion that the sudden-freezing model can never cor-
rectly predict the temperature distribution. However, as
anticipated, the magnitude of this difference is not excessively
large. It is expected that the modified sudden-freezing tem-
perature-formula [Eq. (4.3) of Pt. I] should yield a close
enough agreement with the exact solution.

In passing, we may note in both Figs. 1 and 2 the divergent
trends of our solutions for regions (ii) and (iv) away from
the exact solution in the immediate vicinity of ¢ = 1 where
they are not supposed to be valid expansions. We remark
also that the composite solutions for regions (i) and (iii)
and for regions (iit) and (iv) can be carried out but have not
been done.

It has been observed in Pt. I that if the chemistry freezes
the velocity variation in regions (ii-iv) is small for a very
high M.? irrespective of K, and the sudden-freezing model
yields a good approximation with an error of 0(1/My2).
This is confirmed by Fig. 3 where the sudden-freezing and
exact-solution curves are very close to each other. On the
other hand, over most parts of the recombination region, both
curves are appreciably above %4 = 1. For reference, on the
right of Fig. 3, we present three asymptotic values of the

{ T (DEAL, u =20 )
A !
‘
_%_x T EXACT NUMERICAL__ |
0 [ Ul A 2=
!
1.0
‘!
é PARAMETERS: ;
"l € =KkT,iD=0.05% 1
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0:3F OTHER CONDITIONS SAME T
AS INFIGURE 4 ;
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1. THE EXACT SOLUTION |S ALMOST UNDISTINGUI SHABLE
FROM S-F SOLUTION
2. THE ANALYTICAL SOLUTION BY ASYMPTOTIC EXPAN-
SIONS CAN BE CALCULATED READILY AND i$ ALSO
VERY CLOSE TO THE EXACT CURVE
i
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Fig. 3 Confirmation of accuracy of the sudden-freezing
model with Q = 1 in predicting velocity distribution, hence
specific impulse, for a nonequilibrium nozzle flow.
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velocity ratio far downstream, corresponding, in order of
increasing magnitude, to values of the sudden-freezing
model, the exact solution, and the ideal maximum speed
[u = (2hs)'?]. The loss in specific impulse far downstream
owing to freezing is seen to be about 15%, which is accurately
approximated by the sudden-freezing value. Of some practi-
cal importance is, perhaps, the suggestion from this figure
that the velocity approaches its terminal value much more
slowly than does the dissociation fraction. Thus, the specific
impulse may not be represented too well by its terminal value
unless o is extremely large.

5. Conclusions

The problem of transition from an equilibrium to a re-
combination flow in a nozzle for an ideal dissociating gas has
been studied analytically in general in the reaction-dominated
regime [K > 0(1)] under € <« 1. Other possible transitional
patterns have been studied recently by the authors,® and by
Blythe® in the case of vibrational nonequilibrium. The
assessment of the sudden-freezing and the equilibrium-
recombination models made in Pt. I is proved to hold in
general in this regime. To determine the transition point
meaningfully, it is shown that the most general form of @ to
be used is [Mx2 — (1 + ax)]/Ms2(1 + o), which corre-
sponds in all cases to P = 1 4 0(¢). The analytical results
are found to be in good agreement with an exact numerical
solution for a typical example of nonequilibrium nozzle flow.

A key restriction which remains on the present study is the
equilibrium-throat assumption, which places a lower limita-
tion on Ms% To study the nonequilibrium-throat effect
we may have to introduce two more distinct regions to handle
the singular behavior of the solution near the reservoir and
the critical point. An alternative approach is to consider
the inverse problem of a nozzle with a prescribed pressure
distribution” or other flow-property distributions, instead
of a prescribed area variation. In these inverse problems
the critical point does not exist (the flow rate has to be given)
and thus one less distinet region is needed. Perhaps, the
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use of pressure as the independent variable will make the
present study more meaningful to flowfield and wake studies.
Certainly lacking still is a general study on the problem in the
weak-interaction regime [K < 0(e¢)], of which Blythe’s
previous work® is a special case. Another interesting aspect
that remains to be explored more in depth is the asymptotic
behavior of the solution for a divergent nozzle far down-
stream. A qualitative study of the topology of the integral
curves at the downstream infinity should provide more defini-
tive information than given here.
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